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Abstract

The cooling of electronic components is of great interest to improve their capabilities, especially for CMOS components. The
of this paper is to present the principle and the design of a micro cooler dedicated to such application. The originality of the
concerns both the use of a thermodynamic system and the use of a micro-fabrication technology entirely compatible with the sma
the component. The cooling function is assumed by a pulsed gas in a small canal (pulse tube) made of glass and of silicon. Specific
exchangers, also made of silicon, have been designed from the results of a study concerning both the pressure drop and the trans
response. The actual micro-cooler performances are estimated in an experimental way by means of temperature and pressure m
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

In numerous electronic devices the temperature app
to be an important parameter that limits components cap
ities so an important request for specific miniature coo
systems exists nowadays. In most applications the coo
function is assumed by a simple ventilation of the co
ponent or of the whole electronic card but despite m
improvements of these techniques, they do not opera
all cases and they are limited by ambient temperature. O
passive methods like microchannel heat sinks [1] or Min
ture Heat Pipes (MHP) [2] have received a great atten
and a good level of development has been reached in
for the theory and the applications. High power den
with heat flux of a few 100 W·cm−2 have been reache
with microscopic flow channels in such devices. Howev
these systems generally use an evaporating liquid that n
to be recycled after evaporation and in case of imper
sealing, an electrical risk may damage the electronic c
ponent to be cooled. In MHP system, in order to limit t
pressure level while conserving acceptable performan
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,

the fluid can be acetone, methanol, ethanol and water
the temperature of electronic applications is in the ra
from 0◦C to 100◦C and never in the cryogenic rang
In addition MPH performances depend mainly of the
clination of the tube with respect to the gravity. In fa
when lower temperatures are required an alternative
lution based on a specific active cooling device is of
to be created. Different solutions have been proposed
ready such thermoelectric coolers or Stirling and Giffo
Mac-Mahon refrigerators. In fact, a good cooler dedica
to electronic components may generate neither mecha
vibrations nor electrical perturbations; it may also hav
low electrical consumption and may be relatively small
garding the component to be cooled. Thereby, the P
Tube Refrigerator (PTR) seems to answer these req
ments correctly: no moving mechanical part are used in
kind of device, especially near the cold zone. This me
that mechanical vibrations are avoided (which cannot
reached with the Stirling refrigerator). Moreover, the pro
lem of dynamic airtightness due to mechanical movem
is very critical at small scale and limits the miniaturiz
tion of classical Stirling refrigerator dramatically: again, t
PTR technology allows to imagine a high level of min
turization to reach a cooler which dimensions are sim
sevier SAS. All rights reserved.
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Nomenclature

a thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

a, b, c constants Eq. (12)
B,B0,B1,B2,B3 parameters Eq. (A.3)
c thermal capacity . . . . . . . . . . . . . . . . . J·kg−1·K−1

C1,C2,C3 constants Eq. (24)
C′
f pressure drop coefficient

D,d diameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
disp displacement of fluid . . . . . . . . . . . . . . . . . . . . . m
e thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
f frequency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s−1

H = hpσs volumetric heat transfer
coefficient . . . . . . . . . . . . . . . . . . . . . W·m−3·K−1

Ḣ enthalpy flow rate . . . . . . . . . . . . . . . . . . . . . . . . W
h heat transfer coefficient . . . . . . . . . W·m−2·K−1

Inef inefficiency of regenerator
j first root ofj2 = −1
Kn = Lp

Lc
Knudsen number

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

L, l length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
�M molecular mass . . . . . . . . . . . . . . . . . . kg·mole−1

ṁ mass flow rate . . . . . . . . . . . . . . . . . . . . . . . kg·s−1

N number of fins
Nu Nusselt number
p Laplace parameter . . . . . . . . . . . . . . . . . . . . . . s−1

p,q constants Eq. (23)
P pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
Pr = cµ

k
Prandtl number

q power density . . . . . . . . . . . . . . . . . . . . . . . W·m−3

Q̇ heat flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W
r half diameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
r = �R/ �M . . . . . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

r1, r2, r3 roots of Eq. (A.15)
�R thermodynamic constant . . . . . . . J·mole−1·K−1

Rc characteristic time (A.2)
Re = !P/ṁ hydraulic resistance . . . . . . . m−1·s−1

Reh = ṁDh

µSpass
Reynolds number

S area . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
u gas velocity . . . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

U amplitude velocity . . . . . . . . . . . . . . . . . . . . m·s−1

V volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3

w width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
x longitudinal coordinate . . . . . . . . . . . . . . . . . . . m

Greek symbols

δ thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

! difference
ε void fraction
γ isentropic coefficient
ηs fin weighted factor
ηa slab efficiency
λ gap between fins . . . . . . . . . . . . . . . . . . . . . . . . . m
µ dynamical viscosity . . . . . . . . . . . . . kg·m−1·s−1

Φ thermal flux density . . . . . . . . . . . . . . . . . W·m−2

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

θ phase lag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad
θ non-dimensional temperature
σ specific area . . . . . . . . . . . . . . . . . . . . . . . . . . . m−1

τ period, or non-dimensional time
ω pulsation . . . . . . . . . . . . . . . . . . . . . . . . . . . rad·s−1

χ non-dimensional longitudinal variable

Subscripts and superscripts

1 first order periodic perturbation
1, 2 indices for notation Eq. (22)
a ambient
c characteristic, cold zone
ext exterior
f fin
g gas
gl glass
h hydraulic, hot zone
imp impulse response
inlet inlet of the gas
int interior
k thermal
loss conductive thermal losses
lre regenerator outlet
max maximal without losses
net tacking losses into account
p particle or at constant pressure
pass passage
re regenerator
s solid
shut with shuttle effect
Si silicon
t , tub tube
tot total
v viscous
w wall
x̄ spatial average value ofx
x̂ Laplace transform ofx
〈x〉 time average value ofx
x̃ time fluctuating amplitude ofx
hese
gen
uble
ly,

split.
died
rest
ul-
to those of an electronic component. Nevertheless, t
devices also require a compressor or a rotating valve to
erate a pressure fluctuation that may introduce some tro
in the electronic component functioning; but, fortunate
-
the pressure generator of such systems can be easily
Pulse Tube Refrigerators (PTR) have been strongly stu
for about ten years and they already proved their inte
in various domains such spatial applications, infrared or
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traviolet sensors cooling, or SQUID or CDMOS cooli
[3–8]. Among the different PTR types, the geometry int
duced by Mikulin [9] in 1985 with an orifice and a reservo
(OPTR) appears to be particularly efficient at low temp
ature. Indeed, a temperature level near 20 K was rea
with a single stage and 4 K with a second one. Other ad
tations of PTR with several fluid inlets (DIOPTR) have be
studied by Zhou [10] since 1990. Many current researc
propose to use gasses mixtures or concern the introdu
of different original geometries (e.g.,U shape or coaxia
configurations) [11–13]. Others put forward the use of e
tric gates for controlling the fluid flow through the differe
parts of the cooler [14]. In this paper, the authors sug
to use the techniques of electronic industry to design
realize a micro-cooler only made of glass and of silic
The design of the micro-device is presented as an exten
of results obtained in previous researches [15] concer
a small OPTR realized with classical techniques of ma
facturing (classical scale). Nevertheless, the design of
exchangers is more difficult at micro-scale. It is achieved
considering the transient thermal response of these sma
ements of complex geometry. A detailed presentation of
theoretical procedure is proposed. Lastly a complete mi
cooler has been built and the first experimental results
presented.

2. Principle of the double inlet orifice pulse tube
refrigeration

Among various types of PTR, the simple Orifice Pu
Tube Refrigerator (OPTR) and the Double Inlet Orifi
Pulse Tube Refrigerator (DIOPTR) allow to reach go
performances. This kind of devices are generally fil
with helium under pressure and (case of this paper)
constituted of the following basic parts (see Fig. 1):
t

-

– a compressor without valve for generating sinuso
pressure variations,

– a first heat exchanger to evacuate the heat gene
during the compression,

– a thermal regenerator (similar to that of Stirling m
chines),

– a second exchanger in the cold zone,
– the tube itself,
– and a last heat exchanger for extracting heat from

hot zone.

The system is linked up to a gas reservoir by mean
a capillary tube. The reservoir is big enough to keep
almost constant pressure. The capillary tube is essenti
ensure the refrigerator in good working order: this elem
allows to adjust the phase lag that occurs between
pressure fluctuation and the gas velocity; this influences
cooling production in a very sensible way. Another optio
capillary tube may be used to directly link the regenera
inlet to the pulse tube outlet in order to achieve be
efficiency of the regenerator. The use of a by-pass for
DIOPTR does not modify the global principle of the OPT
but allows to increase the cooling production. This p
will be discussed later in this paper. In fact, three phys
phenomena predominate in the functioning of a pulse t
like an OPTR or DIOPTR:

– The phase lag between the evolutions of the pres
and of the mass flow rate (velocity): because the coo
production depends directly of the product of the g
velocity by its pressure. Indeed, in the case of perio
harmonic variations Eq. (1), the expression Eq. (2)
the temporal average of the mechanical work rece
Fig. 1. Schematic representation of the double inlet orifice pulse tube refrigerator.
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by the gas during a pressure variation cycle clea
indicates the essential influence of this phase lag.

ṁ = m1 cosωt P = �P +P1 cos(ωt − θ) (1)

〈
Ẇ

〉 = 1

τ

τ∫
0

P
dV

dt
dt = 1

2

r�T
�P m1P1 cosθ (2)

In Eq. (1), one supposes that a periodic pressure
turbation of amplitudeP1 is imposed by the pressu
generator, the inflating pressure being�P and the phase
lag with respect to the mass flow rateṁ is θ . In a free
thermodynamic system, the energy transported by
gas is either kinetic energy or potential energy (pr
sure). This leads to a natural phase lagθ = π/2 between
velocity and pressure, hence the mean thermodyna
effect along a period equals zero. The use of a capil
tube permits to modify this phase lag in order to gen
ate a thermal effect actually.

– The Surface Heat Pumping effect between the os
lating gas flow and the pulse tube wall that cons
globally in an energy transfer between the cold zon
the hot zone [16]. During the compression phase,
gas temperature increases while moving in the tube
wards the hot zone. Therefore, the thermal exchan
are favored from the gas to the external walls. Simila
during the expansion, the gas temperature decre
while moving towards the cold zone so that the fi
temperature is lower than the initial temperature. Gl
ally, this phenomenon generates a temperature gra
along the pulse tube (in the gas and also in the tube w
As a result, step by step, the gas loads thermal heat
the cold zone and transports it to the hot exchanger
global axial enthalpy flux through a sectionS appearing
along the tube, is defined by Eq. (3).〈
Ḣ

〉 = ∫
S

cpg〈ρguT 〉dS (3)

where helium is considered as a perfect gas so tha
enthalpy depends only on the temperature [17].

– The presence of a thermodynamic discontinuity: in
case of an ideal regenerator (infinite thermal capa
and perfect thermal exchanges between the gas
the solid matrix), the gas temperature is constan
no enthalpy flux can be observed. On the contrary
enthalpy flux occurs through the tube actually, so
thermodynamic discontinuity takes place at the outle
the regenerator due to the sudden change of med
This phenomenon induces a local temperature decr
and explains the cold zone location at this place.

By considering these effects, the maximal cooling p
duction (that could be available for cooling an electro
component if no thermal loss occurred) [15,18], can be
timated with Eq. (4) deduced from the temporal averag
s

t

r

.
e

the gas enthalpy variation during a whole cycle at the c
exchanger inlet:

〈
Q̇cmax

〉 = ωcpg

2π

t0+π/ω∫
t0

ṁ(t)
(
Tc − Tlre(t)

)
dt (4)

wheret0 corresponds to the instant when the mass flow
in the cold exchanger becomes null so that the fluid be
entering from the tube to the cold exchanger.t0 +π/ω is the
instant when the mass flow rate is null again. The coo
effect takes place between these two characteristic insta

Of course the cooling production given by Eq. (4) do
not correspond to reality. On the one hand, the regenera
not ideal and its temperature is not uniform actually. T
existing temperature gradient generates longitudinal t
mal losses (heat conduction) which implies a decreas
the cooling production. Besides the regenerator efficie
is not 1 (non-perfect heat transfer, irreversibility and n
infinite thermal inertia) and the regenerator is not adiaba
thus additional transversal losses are to be considered
the other hand, the thermal gradient between the hot z
(hot exchanger) and the cold zone is important especial
micro-devices (typically a few 1000 K·m−1). All these phe-
nomena introduce losses that are to be taken into acc
for estimating the effective cooling production, partic
larly at micro-scale. Moreover, if the gas displacemen
greater than the tube length, it may bring a heat quan
directly from the hot exchanger to the cold zone (shu
effect). Other losses with the surroundings may be imp
tant especially when low temperatures are reached and w
radiation effects become preponderant. Fig. 2 gives a
resentation of the global thermal balance of the cold zo
Finally, the net cooling power can be summarized w
Eq. (5):〈
Q̇cnet

〉 = 〈
Q̇cmax

〉 − 〈
Ḣre

〉 − 〈
Q̇loss

〉 − 〈
Q̇shut

〉
(5)

〈Ḣre〉: designates the enthalpy flux through the regener
(null if the gas flowing through the regenerat
remains isothermal perfectly).

〈Q̇loss〉: is the heat quantity due to thermal conduction
solid part.

〈Q̇shut〉: corresponds to the heat quantity directly brou
by the gas when alternatively displacing betwe
the cold and the warm zones.

The work presented in this paper focuses neither on
calculus of these terms nor on the optimization of the
cooling power; other papers concerning these parts
been published [15] and some are about to be published

In a first step, for designing the cooler, all exchangers
supposed to be perfect. This simplification allows to evalu
the main functioning conditions, meaning pressures, m
flow rates and other governing parameters. Then, i
second step, the final design is based on the results obt
previously and on different considerations about the ac
behavior of heat exchangers.
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Fig. 2. Thermal balance of the cold zone.
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3. Miniaturization of the refrigerator: from classical
technology to “silicon” technology

By considering the previous remarks on the Pulse T
principle, miniaturization appears to be a tricky challen
At small scale, if the temperature levels remain similar
those observed at classical scale, the distance betwee
different parts (hot and cold) decreases so the temper
gradient (hence〈Q̇loss〉) strongly increases. This basic o
servation indicates that whatever the geometry used,
thermal losses will be important. Therefore, the auth
have first adjusted and completed the theoretical and
merical models [15,18] they had previously established
usual scale. In addition, experimental investigations w
achieved on a commercial miniaturized pulse tube (provi
by Thales Cryogénie France). Fig. 3 shows an image of
device obtained by using classical technologies of fabr
tion and machining: like devices described in [1–6], it
relatively small; however it does not still correspond to
scale of an electronic component. Nevertheless, it ca
used as an intermediate device between usual cooler an
ideal miniaturized machine. An example of typical resu
obtained with this cooler during an experiment in transi
regime is reported on Fig. 4. The maximal cooling pow
is about 4 W at 273 K and the lowest temperature reac
by this system is 110 K (with a moderate inflating pr
sure of helium about 1.2 MPa and an operating freque
of 50 Hz). The performances also depend of the swept
ume of the compressor (not represented in the photogra
Fig. 3) which is linked to the passive module at the extrem
thanks to a capillary. This compressor is a high technol
product of confidential geometry developed by Thales Cr
génie France.

In fact, to reduce the pulse tube dimensions for adap
it to an electronic component, prior to discuss the theore
analysis or the modeling procedure, it is capital to cons
e

e

f

Fig. 3. Miniaturized pulse tube of classical technologies Thalès Cryog
France.

Fig. 4. Temperature histories in the miniaturized pulse tube of clas
technologies (inflating pressure: 1.2 MPa, pulsating frequency: 50 Hz)
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Fig. 5. Global view of the micro DIOPTR refrigerator passive module.
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the question of the micro-cooler fabrication. Indeed, beca
many problems appear at small scale (including helium le
age, friction, micro machining, etc.) classical mechan
technologies do not operate any more. When reducing
cooler dimensions, the tube diminishes but the heat
changers and the regenerator have also to diminish. T
the challenge is to find or develop a relevant process
fabricating such micro-elements. In this paper, the auth
propose to test the technology usually used in electronic
dustry. The silicon is a well-known material and differe
techniques can be used to machine it (e.g., etching). M
over, the silicon of orientation 110◦ can be gathered with
specific glass by using an electric field. So, the associa
of these two basic elements, silicon and glass, allows to
very small three-dimensional structures similar to that o
pulse tube. In this paper, only the miniaturization of the p
sive part of the pulse tube (passive module) is presented
miniaturization of the compressor seems also possible b
has not been considered yet; a set of classical comme
compressors, initially built for mini Stirling cooler can b
used: different swept volumes of a few cm3 are available.

Fig. 5 presents the architecture of the micro-miniat
passive module. It was designed from the results obta
with the previous miniature pulse tube based on class
mechanical technologies. This new micro-module is mad
silicon and glass. It is constituted of a silicon slab (spac
slab, see Fig. 1) encapsulated between two glass s
The silicon is etched by means of chemical technique
order to create the different parts of the pulse tube (Fig
and 2): three heat exchangers, the inlet and the outle
the module, two volumes for the regenerator and the p
tube itself. Additional structures, canals and orifices,
performed in order to introduce temperature sensors o
fill the regenerator with a porous medium (stack of gl
,

l

.

Fig. 6. Schematic geometry of micro heat exchangers.

beads).The micro-fabrication techniques allow to built v
compact heat exchangers based on a great number o
(a few dozen) to ensure a great internal exchange sur
Fig. 6 gives the mains geometrical characteristics of th
devices. To permit heat transfers with the ambient air or w
an electronic component, one of the faces (made of gl
of each exchanger is carved by ultrasonic machining so
only a thin silicon layer is conserved (45 µm). When
refrigerator device is operating, two radiators are ada
on the hot exchangers 1 and 2 in order to maintain t
temperature very close to that of the surroundings.
electronic component to be cooled is directly located on
silicon matrix of the cold exchanger (carved side). In or
to conserve a good control on the internal geometry of
heat exchangers, the minimal fin thickness is fixed to 45
and the gap between fins is adjustable in a range from 5
150 µm. In fact, these dimensions do not correspond to
limits of the silicon carving process but because silicon
not isotropic, the chemical etching efficiency is not the sa
in all directions. A typical example of realization is show
on Fig. 7.
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Fig. 7. Details of the walls and the structure of heat exchangers.
K

K

of
ne

ivity
ng
me
use
of
re

uted
r of
bal

eces
gas
this
out

pre-
vail-
ical
os-

ions
s to

onic
the
er-
ith
ns,
ure:
e es-

in-
(see
ra-
, so
uble
er
ater
, the
ing
gh,

the
y be
hat
sses
of
ment
Table 1
Thermophysical properties of the DIOPTR materials

Silicon Glass

Thermal conductivity 270 at 200 K 1.13 at 273
K (W·m−1·K−1) 150 at 300 K

Thermal capacity 1.66 at 300 K 1.68 at 300
C (J·cm−3·K−1)

Table 1 summarizes the thermo-physical properties
the materials [19] used in this passive micro-module. O
can observe the great values of the thermal conduct
especially for the silicon: this is a good point for improvi
thermal exchanges in heat exchangers however it beco
a handicap for the structure of the refrigerator beca
the thermal losses are favored. To limit the influence
this major problem, the lateral walls made of silicon a
designed as thick as possible: in fact, they are constit
of two partitions of 40 µm thick separated by an air laye
2000 µm (lateral structure on Fig. 5). To ensure the glo
mechanical resistance of the module, straightening pi
of 450 µm thick are added into the regenerator and the
tube. The glass slabs thickness is restricted to 1 mm,
value being sufficient to support an inflating pressure ab
1.2 MPa.

The transversal geometrical characteristics indicated
viously have been chosen from considerations on the a
able thickness of the silicon slab and on the mechan
resistance of the glass. Indeed, for this study, it is not p
sible to create new specific elements of specific dimens
(e.g., specific thickness): all the fabricating process ha
s

be based on elements commonly used in the microelectr
industry. Therefore, another consideration that may limit
miniaturization of the system is the thickness of the th
mal and dynamic boundary layers given by Eq. (6). W
helium and considering the following operating conditio
frequency: 50 Hz, inflating pressure: 1.2 MPa, temperat
300 K, these viscous and thermal boundary layers can b
timated by [20]:

δν =
√

2µg

ρgω
= 0.268 mm and

(6)

δk =
√

2kg
ρgcpgω

= 0.327 mm

This evaluation is most important for estimating the m
imum transversal dimension of the pulse tube zone
Fig. 1): indeed, in this part of the cooler, a maximal tempe
ture fluctuation is necessary for obtaining a cooling effect
all geometrical dimensions have to be larger than the do
of the thermal boundary layer thickness. Similarly in ord
to limit pressure losses, all dimensions have to be gre
than the dynamic boundary layer thickness too. Besides
length of the pulse tube has to be sufficient for avoid
“shuttle effects”: in fact, if the pulse tube is not long enou
the periodic displacement of the gas may be longer than
pulse tube; then, the warm zone and the cold zone ma
directly linked and the cooling production vanishes. In t
case, shuttle effects occur and increase the thermal lo
〈Q̇shut〉 of the system. To limit this problem, the length
the gas tube must be greater than the total gas displace
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occurring during a period. Thereby Eq. (7) should be v
fied.

lt � displ ≈ 2

ω
U = 8m1

πρgωd
2
t

(7)

Finally, in the pulse tube, the thermal effects and
aerodynamic effects are simultaneously improved when
geometrical dimensions are increased. However, for
global refrigerator device, the pulse tube appears as a
volume so, it has not to be too much important otherwise
pressure amplitude may vanish. As a result, a comprom
between the thermal effects and the pressure amplitude
to be found.

In the heat exchangers and especially in the regene
(〈Ḣre〉 minimal), the transversal dimensions have to
similar or smaller than the thermal boundary layer thickn
Indeed, in an ideal regenerator, the longitudinal ther
gradient is null, so the gas temperature is very close
that of the solid matrix. This can be achieved only
the characteristic dimension is smaller than the ther
boundary layer thickness. Unfortunately, when diminish
this parameter, the pressure losses increase dramati
again a compromise has to be obtained between the the
effect and the pressure amplitude.

The pneumatic links between the passive module
the compressor or the reservoir are assumed by capill
made of stainless steel which internal diameters are 0.3
0.7 mm, respectively.

4. Micro heat exchangers design

As explained before, the etching techniques used with
icon allow to create very thin three-dimensional structu
This advantage is very interesting to make and integrate
small heat exchangers to the passive module. By the way
spacing slab is used to realize three sets of parallel bl
in the silicon, creating the three heat exchangers. Howe
two aspects must be carefully observed: the creation
sufficient heat transfer surface and the minimization of
ergy losses due to friction. In fact , the design of the mi
heat exchangers is quite difficult because they operate in
riodic regime and also because of the lack of knowle
concerning thermal and aerodynamic effects at small sc
Moreover, the use of a proportional relation based on
classical DIOPTR dimensions (first step of miniaturizat
tested previously) is not efficient any more: both the h
transfer and the flow resistance have to be considered
fully. But, no available research has been done in the fi
of micro heat exchangers design in the case of peri
compressible flow. Therefore, prior to propose a theore
formulation, it is important to evaluate the relevancy lim
of the classical formulations when applying them at a sm
scale problem.

For fluid flows through conduits, one usually admits t
there is a transition from the Poiseuille continuous regim
d

s

r

:
l

-

.

-

the Knudsen molecular regime as soon as the free ave
courseLp of the gas molecules becomes important in fr
of the characteristic dimensionLc of the system (diamete
for a tube). The criterion is the non-dimensional Knud
number compared to unity [21]:

Kn = Lp

Lc

� 1 (8)

The kinetic theory of gases allows to calculate it by using
following expression [21]:

Lp = T

P
3kg(γ − 1)

√
π �M
8T �R (9)

In the considered situation, the free average course is a
66 nm while the minimal machined dimension of passa
for the fluid is about 50 µm. The conclusion of this ba
approach is the usual models still remain valid beca
Kn ≈ 10−4.

According to [22], the efficiency of heat exchangers
related to the ratio of the thermal diffusivity of the mater
that the exchanger walls are made of to that of the fluid
this ratio gets smaller, the axial conductive losses〈Q̇loss〉
decrease. Then, in the case of an inflating pressur
1.2 MPa, the authors propose to apply a ratio of the leng
the hydraulic diameter following Eq. (10):

lt

Dh

� aw

ag
= 0.05 for the glass, and 0.86 for the silicon

(10)

The problem is not very accurate in the case of the cold
hot exchangers, their dimensions being similar to that of
pulse tube (1× 4.5 mm). On the contrary, in the regenerat
the porous matrix is constituted of a stack of glass be
and the envelop is made of Pyrex. In fact, in the regener
the fluid flows through very small passages hence indu
subsequent pressure losses. Again, the problem is to r
optimal thermal effects while inducing minimal pressu
losses.

4.1. Global model of pressure losses for static and dynamic
regimes

It is easy to understand that pressure losses in excha
decrease the pressure amplitude in the pulse tube and
the net output power〈Q̇cnet〉 of the refrigerator to fall down
But it appears that estimating the pressure losses is a
hard task in oscillating systems and especially in the c
of compressible gases. According to scientific literatu
no specific research related to this problem has been
achieved completely; nevertheless, the calculation rem
possible in the case of non-oscillating flows, even at sm
scale. Therefore the authors evaluate the pressure dro
considering either the mean velocity or the maximal velo
of the oscillating flow to achieve their calculations.
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Table 2
Values of coefficientsa, b andc in Eq. (12)

Model a b c

Hagen–Poiseuille steady circular tube 64 0
Hagen–Poiseuille steady rectangular tube 68.5 0
Blasius steady circular tube 0.313 0 0.
Prandtl–Karman steady circular tube 0 Depend of roughness
Turbulent steady rectangular tube 0.31 0 0

Kozeny steady porous a = 72κ0
(1− ε)2

ε2

D2
h

d2
p

= 32κ0 0 1

Ergun steady porous a = 72κ1
(1− ε)2

ε2

D2
h

d2
p

= 133 b = 12κ2
(1− ε)

ε

Dh

dp
= 2.33 1

Tanaka periodic 175 1.6 0

Caseε
dp
Dh

Reh < 10: κ0 is a shape factor(3.6< κ0 < 5). It is 4.8 for spheres (Kozeny).

Caseε
dp
Dh

Reh > 10: κ1 = 4.16,κ2 = 0.29 (Ergun).
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In static regime, the pressure losses in a conduit
usually estimated by using the pressure drop factor give
Eq. (11) [23,24].

C′
f = 2!PDh

ρgU2L
(11)

In any case,C′
f is generally estimated as a function of t

Reynolds number based on the hydraulic diameterDh . The
Hagen–Poiseuille model is used for the laminar regime
the Blasius and Prandtl–Karman models are applied to
smooth and rough turbulent regimes respectively. Usu
the mathematical form of Eq. (12) is used. The parame
a, b andc are variable coefficients to be determined.

C′
f = a

Rech
+ b (12)

The Reynolds number definition is given by [23,24]:

Reh = ρguDh

µg

= ṁDh

µgSpass
(13)

For a porous medium made of a stack of beads, a sim
formulation can be used, however the hydraulic diamete
evaluated by [23,24]:

Dh = 2

3

εdp

(1− ε)
(14)

whereε is the void fraction of the porous phase anddp the
beads diameter.

Table 2 summarizes the values of the coefficients{a, b, c}
of Eq. (12) for different situations [25]. In order to evalua
the relevance of these correlation, different experiment
static regime have been performed on the micro-mod
The procedure and the materials will be briefly descri
in Section 5. Two cases have been considered: on
one hand, the pressure drops introduced by the w
passive module!Ptot (exchangers+ regenerator withou
glass beads+ capillaries), on the other hand the press
drop induced by the only regenerator, with or without
beads,!Pre. The results reported on Fig. 8 indicate t
pressure drops increase proportionally with the mass
Fig. 8. Influence of the stack of beads. Global pressure drop measure
in the passive module with mass flow rate into the regenerator (static fl

rate, except for weak values where unidentified phenom
occurs. The regenerator is responsible of a third of the t
losses and when it is filled with glass beads, the pres
drop increases in a range of 15 to 20%. These data s
that the classical Ergun porous steady model remains v
at this small scale and at sufficient porous Reynolds num
but the void fraction appears to have a dramatically str
influence. Because of the random arrangement of bea
is also quite difficult to obtain an accurate value ofε (from
0.33 to 0.45). Fig. 9 represents the evolution of the hydra
resistance(!Pre(withbeads)−!Pre(withoutbeads))/ṁ of
the glass beads calculated for experimental and calcu
results using the Ergun model and Table 2 for three va
of the void fractionε.

Therefore a new specific experiment is required for e
uating the void fraction of the regenerator for each n
module. Besides, another study has been dedicated t
junctions capillaries effects. Fig. 10 compares the exp
mental results for a permanent gas flow with the result
the various classic models of Table 2: a good accorda
is obtained for various capillaries (0.3 to 1 mm diam
ter), especially for a Reynolds number either minor th
1000 (laminar-Poiseuille correlation), or greater than 4
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Fig. 9. Comparison between models and experiments of the hydr
resistance� = !P

ṁ of the stack of beads in the regenerator with Reyno
number (ε = 0.33, 0.35, 0.38, static regime).

Fig. 10. Comparison between models and experiments of the hydr
resistance� = !P

ṁ
of a capillary of 0.3 mm diameter with Reynold

number (static regime).

(turbulent-Karman–Prandtl correlation withC′
f = 0.0375).

The authors have obtained an experimental correlation
responding to Eq. (12) wherea = 82.8,b = 0.018 andc = 1.
It is particularly relevant for the intermediate values of
Reynolds numbers in a range from 1000 to 5000.

In dynamic regime, very few studies for modeling t
pressure amplitude variations exist [23,24]. Again the
perimental way appears to be the best solution for obtai
some indications, especially at small scale. The pres
measurements at the inlet and the outlet of the passive m
ule are reported on Fig. 11. For all the operating frequen
used during the tests, the pressure amplitudes are n
good accordance with the prediction of the authors m
els [15,18] using Tanaka values listed in Table 2 (Fig. 1
Indeed, the pressure drop between the regenerator ext
ties are greater than the calculated values actually. In
the pressure amplitude at the outlet is a linear func
of the inflating pressure in estimations; but the measu
pressure amplitude is 50% lower than the calculated v
approximately. Concerning the pressure amplitude at
module inlet, experimental and calculated estimations a
good accordance but an important unexplained collaps
the pressure amplitude is observed for an inflating pres
about 1 MPa.
-

i-

Fig. 11. Inlet and outlet pressure amplitude experimental estimation in
passive module measurement (dynamic regime).

Fig. 12. Inlet and outlet pressure amplitude theoretical estimation in
passive module (dynamic regime).

4.2. Transitory thermal response of the regenerator and the
heat exchangers

4.2.1. Thermal modeling of the regenerator
When operating, the temperature, pressure and mass

rate are not constant values at the regenerator extrem
and to date, the modeling of its transitory thermal beha
is an unexplored problem at small scale. Moreover, i
necessary to take into account the thermal influence o
regenerator envelope, involving considerations on ther
exchange with the surroundings and thermal conduc
through the walls. The authors have already solved
problem of the transitory response to a step excitation in
case of mini regenerator of cylindrical geometry [26]. In t
model, the mass flow rate, the density and the pressur
supposed to be constant values; thus, by using classical
equations of fluid mechanics and heat transfer, a syste
three equations, Eq. (15), for the gas, the porous matrix
the envelope can be obtained.
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ρxcx

(
∂Tx

∂t
+ Ux

ε

∂Tx

∂x

)
= qx + kx

(
∂2Tx

∂r2
+ 1

r

∂Tx

∂r

)
(x = g, s,w) (15)

whereUs = Uw = 0.
The boundary conditions are:

– for r = 0; the gas and the matrix temperature repa
tions are of axial symmetry:

∂Tg

∂r

∣∣∣∣
r=0

= 0 and
∂Ts

∂r

∣∣∣∣
r=0

= 0 (16)

– for r = rint; at the wall, the thermal flux through th
gas equals the one in the wall. Besides the thermal
between beads and the wall is null because of their s
contacting surface:

kg
∂Tg

∂r

∣∣∣∣
r=rint

= kw
∂Tw

∂r

∣∣∣∣
r=rint

and

ks
∂Ts

∂r

∣∣∣∣
r=rint

= 0 (17)

– for r = rext; the thermal losses with the surrounding a
expressed as following:

kw
∂Tw

∂r

∣∣∣∣
r=rext

= hext(Ta − Tw|r=rext) (18)

The initial condition for the gas and the solid is suppo
uniform and equal to surrounding temperature when the
response is studied.

In this model, the authors make the assumption that
longitudinal thermal conduction through the gas and
matrix is negligible. Then, the three previous equations
averaged along the radial direction in order to provide a o
dimensional formulation of the problem only depending
the axial coordinatex.(
ε
∂�Tg,re
∂t

+ �U ∂�Tg,re
∂x

)
= σshp

ρgcg

(�Ts,re − �Tg,re
) + εσ1hint

ρgcg

(�Tw,re − �Tg,re
)

(19)

(1− ε)
∂�Ts,re
∂t

= σshp

ρscs

(�Tg,re − �Ts,re
)

(20)

∂�Tw,re

∂t
= σexthext

ρw,recw,re

(
Ta − �Tw,re

)
+ σ2hint

ρw,recw,re

(�Tg,re − �Tw,re
)

+ kw,re

ρw,recw,re

∂2�Tw,re

∂x2 (21)

where specific areas are defined by:

σs = (1− ε)σp = (1− ε)
6

dp
, σ1 = Sint

Vint

σext = Sext
, σ2 = Sint

(22)
Vw Vw
Sint, Sext, Vint, Vw, designate the internal and the exter
thermal exchange area, the gas volume and the volum
the envelope, respectively.

Three global thermal coefficients have been introduc
the first onehext characterizes the external losses betw
the envelope and the surroundings, the second onehint is
related to the exchanges between the gas and the int
surface of the envelope, and the last onehp is dedicated to
the thermal exchanges between the gas and the matrix. I
case of a stack of beads, no classic correlation is avail
for estimatinghint and hp . However, Refs. [22] and [27
proposes the correlation Eq. (23) in the case of packed
screens used in Stirling engines.

Nu = hpDh

kg
= pReqh, p = 0.33, q = 0.67 (23)

hint is usually chosen equal tohp .
Then, Eqs. (19) to (21) are transformed to obtain

non-dimensional system of equations that can be so
by using a Laplace transform on the time variable. T
basic equations and the solving process are expose
Appendix A. It is necessary to solve a third order differen
equation and to determine its roots and the usual const
This procedure is a fastidious mathematical task actu
but finally the Laplace transform of the temperature can
expressed in the following form:

θ̂t = C1e
r1χ +C2e

r2χ +C3e
r3χ

θ̂g = (
ar2

1 + c
)
C1e

r1χ + (
ar2

2 + c
)
C2e

r2χ

+ (
ar2

3 + c
)
C3e

r3χ

θ̂s = (
ar2

1 + c
)
C1ke

r1χ + (
ar2

2 + c
)
C2ke

r2χ

+ (
ar2

3 + c
)
C3ke

r3χ

(24)

The constantsC1, C2, C3 are calculated by verifying
the specific boundaries conditions Eqs. (25)–(27); th
expressions are reported in Appendix A.r1, r2 andr3, are the
roots of the characteristic equation associated to differe
Eq. (A.15) of Appendix A. Because their literal expressio
are quite complex, they are not reported here: in fact they
calculated during the solving procedure by the mathema
software “MATHEMATICA” automatically.

x = 0 �Tg,re(x = 0, t) = Tge(t) and

∂�Ts
∂x

= ∂�Tw,re

∂x
= 0 (25)

x = lre
∂�Ts
∂x

= ∂�Tw,re

∂x
= 0 (26)

t = 0 �Tg,re(x)= �Tw,re(x)= �Ts(x)= Ta (27)

Knowing the solutions Eq. (24), the original expressio
of the temperatures are extracted by using a nume
method for achieving Laplace transform inversion: Steh
algorithm (see Appendix B).

In fact, all these results have been obtained in the cas
regenerators of cylindrical geometry. Therefore, they can
be applied to the considered micro regenerator of rectang
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Fig. 13. Influence of the regenerator length on its theoretical inefficien

geometry directly. However, this difficulty can be solv
quite easily by introducing new expressions of the spec
areas from Eq. (22):

σ1 = 2

wf

, σ2 = σext = 1

egl
(28)

With this theoretical model, the thermal responses t
temperature step of the gas at the regenerator inlet ca
easily studied (considering constant pressure and mass
rate). Moreover, the thermal response to an arbitrary inle
temperature can be also calculated by using the convolu
product:

θ̂ (χ, τ ) = θ̂g,inlet(0, τ ) ∗ θ̂imp(χ, τ ) (29)

The first term is the Laplace transform of the inlet flu
temperature, while the second one represents the imp
response of the exchanger to a delta Dirac function of
fluid inlet temperature.

Thus, in the case of a step excitation, the regener
inefficiency can be defined with Eq. (30):

Inef (t) = 1−
∫ t

0 (Tg,lre(u)− Tg,inlet)du

Ta − Tg,inlet

=
∫ t

0 (Tg,lre(u)− Ta)du

Tg,inlet − Ta
(30)

It is defined as the ratio of the heat quantity exchanged
tween the fluid and the material divided by the maximal h
quantity that could be exchanged if fluid exit temperatu
was identical to the initial temperature (supposed equa
that of the surrounding).

Fig. 13 shows the numerical results of the inefficien
for different lengthslre of the micro regenerator considerin
the inlet temperature, mass flow rate, and pressure
constant values. In all cases, the inefficiency reache
excessive value after a time delay increasing with res
to the regenerator length. In fact, these curves indicate
the frequency is an important parameter for designing
regenerator geometry. Moreover, these curves are ded
from the device response to a step function. In reality, w
a periodic regime, the regenerator may operate in w
conditions so that its inefficacy is undervalued. Therefo
t

d

a length of 25 mm respects condition of Eq. (10) and se
to be a good compromise for guaranteeing optimal ther
effects while minimizing pressure drop phenomena.

4.2.2. Thermal modeling of the compact micro heat
exchangers

The structure and the function of the heat exchangers
very similar to those of the regenerator (compactness, si
fluid), hence a few adaptations allow to apply the previ
theoretical analysis to heat exchangers for evaluating
thermal transitory response with a good accuracy. In
idea, the equations system (15) is modified as following (Φ∗
represents an additional source term to represent the
production of an electronic component that may be pla
on the cold exchanger: null in this study).(
∂�Tg
∂t

+ �U ∂�Tg
∂x

)
= σ1hint

ρgcg

(�Tw − �Tg
)

(31)

∂�Tw
∂t

= Φ∗ + σexthext

ρwcw

(
Ta − �Tw

)
+ σ2hint

ρwcw

(�Tg − �Tw
) + kw

ρwcw

∂2�Tw
∂x2 (32)

Only the equation for the gas Eq. (31) and for the envel
Eq. (32) are required; nevertheless, a weighting factoηs
related to the internal finned structure is introduced (
Appendix C) and new specific areas and coefficients
Eq. (22) are defined:

σ1 = 2Nλ

Spass
ηs, σ2 = 2Nλ

Sw

σext = Nλ

Sw
, Φ∗ = NλΦ

Swρwcw

Spass= N(λ− ef )wf

Sw = N(λegl + λeSi +wf ef )

(33)

In Eq. (32), the solid phase is calculated by using the ave
thermo-physical properties estimated as following:

a∗
w = kw

ρwcw

ρwcw = ρf cf efwf + ρglcgleglλ+ ρSicSieSiλ

ef wf + eglλ+ eSiλ
(34)

kw = kf ef wf + kgleglλ+ kSieSiλ

ef wf + eglλ+ eSiλ

The Petukov correlation [28], established for the entra
region of conduits of oblong section, is used for estima
the internal coefficienthint (static flow).

Nu = hintDh

kg
= 4.36+ 1.31

(
RehPr

Dh

x

)0.33

× exp

(
−13

√
x

RehPrDh

)
(35)

for
x

> 0.001

RehPrDh
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Fig. 14. Theoretical impulse response, complex transfer function of the
exchanger (3.36 mm long—velocity of 1.5 m·s−1 and inflating pressure o
1.2 MPa).

The calculus of Appendix A are applicable to a micro-sc
exchanger by using the following particular parameters:

ε = 1, B = B0 = 0 (36)

The study of the Fourier transform of the impul
responseh(t) of an exchanger seems a good way to repre
its transient behavior because it provides a representati
the transfer function of the exchanger. One can easily ob
this Fourier transform from the calculus of the Lapla
transform of the theoretical modeling by substituting
term 2πf.j to the Laplace parameter, remarking the n
dimensional temperature is null in the range]− ∝,0[ .
Fig. 14 gives a 3D representation of the transfer func
of the heat exchanger. It is observed that its amplit
decreases very quickly with respect to the frequency
imaginary part remains always positive and also decre
very quickly when the frequency increases. The real
varies differently: indeed, it strongly decreases and pa
by a minimal value slightly negative. This indicates th
complex phenomena are likely to introduce signific
delays according to the operating frequency. However, th
effects are significant only at low frequencies which are
used for this cooler type generally. This is why the analy
of the complex transfer function modulus is sufficie
Fig. 15 shows the evolution of this quantity depending on
frequency for compact micro exchangers of various leng
As well as the modulus of the transfer function decrea
all the more quickly, the exchanger length is increased
fact, if the transfer function remained equal to its initial va
of 1, that would indicate that the temperature at the outle
identical to that of the inlet: so no heat transfer would oc
in the exchanger and it would be inefficient completely. Th
Fig. 15 naturally shows that the heat exchangers ma
as long as possible. However it is necessary to preserv
exchanger which dimensions are compatible with reason
pressure drop and with a convenient volume (in fact
one constitutes a dead volume for the whole refriger
and diminishes its performances). These remarks show
f

t

Fig. 15. Theoretical influence of the heat exchangers length on the com
transfer function modulus, i.e., impulse response (velocity of 1.5 m·s−1 and
inflating pressure of 1.2 MPa).

Fig. 16. Walls (dashed line) and gas theoretical temperature dist
tions along a heat exchanger, step response (3.36 mm long—veloc
1.5 m·s−1 and inflating pressure of 1.2 MPa).

a 3.36 mm length seems to be a good compromise, ta
into account the use of a minimal frequency of 30 Hz.

Another way to check the exchangers performan
consists in examining the thermal response, not to
impulse function but to a step function. It is supposed t
the initial temperature of the exchanger is uniform a
equal to the surrounding temperatureTa . At the origin of
time, a step function of temperatureTg,0 flows through
the exchanger (“single blow” method). The temperat
profiles in the gas and in silicon walls are consider
They are reported on Fig. 16 for various instants in
case of an exchanger of 3.36 mm length. These re
show that whatever the time, the gas temperature j
that of silicon at a distance corresponding to 40%
the exchanger length approximately. Taking into acco
the calculus assumptions, these results makes it pos
to validate the choice of a 3.36 mm length exchan
the additional pressure drops due to the excess of le
remaining acceptable. Nevertheless the condition of Eq.
is poorly satisfied, the ratio being not very superior to
required value.
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5. Experiments on the module: Thermal performances

The prototype presented on Fig. 5 has been ins
mented by a set of temperature and pressure micro-sen
A 350 ohm electric resistance in film, stuck on the car
wall of the cold zone, allows to simulate the thermal lo
The temperatures are measured at various location
means of micro-thermocouples (K type) of 75 µm diame
The pressure sensors are piezoelectric miniaturized se
of large cut off frequency. They are placed on the capilla
connections at the inlet and the outlet of the passive mod
A compressor and a sufficiently large reservoir are linke
these extremities, respectively. A specific facility with va
uum pump and helium taps is used to fill the device. T
inflation is completed at a maximal pressure of 1.2 MPa.

The thermal performances are evaluated in dyna
regime. The operating frequency is adjustable up to a m
imal value of 50 Hz. During experiments, the best cool
performances were obtained when both the frequency
the inflating pressure were maximum (1.2 MPa and 50 H
confirming the theoretical predictions. The experimen
thermal results are summarized on Fig. 17: a global t
perature reduction of about 10 to 12◦C is observed at th
cold zone; simultaneously a heating about 5 to 7◦C appears

Fig. 17. Temperature evolutions on the cold and warm zones with (on
without (off) compressor, inflating pressure 1.2 MPa, frequency 50 Hz.

Fig. 18. Net cooling power of the micro DIOPTR versus cold zone tem
rature, inflating pressure 1.2 MPa, frequency 50 Hz.
.

s

at the external walls of the first heat exchanger (after
compressor) while the last exchanger remains at a con
temperature slightly greater thanTa . These results permit t
evaluate the net cooling power of the micro DIOPTR, tha
to the measured electrical power supplied to the resist
coated at the cold zone: Fig. 18 shows the evolution of
parameter as a function of the measured cold zone tem
ature. A net cooling power about 50 mW is obtained at
ambient temperature. The performances of this first pr
type remain relatively modest because heat losses ment
in Eq. (5) are still too much important.

6. Conclusions

The work presented in this paper has demonstr
the DIOPTR principle to be utterly compatible with th
development of a micro refrigerator dedicated to the coo
of electronic systems. The micro-fabrication technolog
usually used in microelectronics are entirely compatible w
the small scale of such a cooler. However, the use of clas
materials (silicon and glass) imposed by these techniq
leads to important thermal losses because of their
thermal specific conductivity. As a result, the net cool
power supplied by the first prototype is relatively weak a
the temperature decrease of the cold zone remains
modest. Nevertheless, in order to improve the cooling po
the authors intend to modify the geometry of the pas
module: a first solution consists in using aU shaped tube
to put the two hot exchangers at the same side, and the
zone at the opposite side; thus thermal gradients are div
by 2 if the global dimensions are conserved. This also all
to increase the pulse tube volume, minimizing the shu
thermal effects. An additional solution is to reduce the gl
slabs thickness or to find another material that could
gathered with silicon.

Besides, this work underlines the lack of knowledge c
cerning the field of research dedicated to periodic flows w
thermal transfers in micro systems. Most laboratories
signing such devices use classical physical formulations
tablished for static regimes and not entirely applicable to
considered problem. The original approach proposed by
authors consists in studying the transient thermal resp
of a system by calculating its transfer function (Laplace
Fourier transforms). Thus, the micro-regenerator and mi
exchangers design is achieved by considering the respon
an impulse or/and a step function (inlet temperature histo
In fact the study is carried “a posteriori” in static regime w
constant values of fluid velocity and pressures; these va
are maximal values obtained in a first time with the co
plete modeling of the cooler [15,18] and considering id
exchangers. The micro exchangers design, functionin
real conditions, and its combination with the global DIOP
model remains a far objective actually. Therefore, the ex
imental way still constitutes an essential step for adjus
the different coefficients (pressure drop, Nusselt number. . .)
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the
used in theoretical models. Moreover experiments are in
pensable to get information on pulsed flows and perio
heat transfers, especially at small scale. The authors inte
complete the experimental apparatus: others physical q
tities like velocity or mass flow rate could be investiga
by means of optical techniques [29] (PIV, LDV). In order
obtain information on the physical quantities amplitudes
also on their phases, additional internal measurement
planned. For example, the dynamic, temperature fluctua
could be investigated by means of micro-thermocouples
or thin film thermocouples [29] deposited on the inter
wall of the device.

As discussed in the introduction the constant impro
ments of both power and compactness in electronics req
more and more efficient cooling methods: in the near futu
density of heat dissipation about a few hundred W·cm−2 will
become current. Most usual cooling systems (radiators,
tilation, heat pipes, water circulation in microchannels)
relevant while the required functioning temperature is
lower than the ambient temperature actually. The DIOP
does not present this limitation because it is an active co
obviously. Specialists predict that the cooling of electro
processor to a cryogenic temperature (≈ 80 K) would per-
mit to modify its functioning frequency (so its power) b
a factor× 4. In addition, many detectors (infrared, gam
ray, ultra violet) must operate at similar temperature lev
to avoid noise due to thermal agitation, many biomed
applications require a cooling process and cryotherapy
the beginning of its development. Therefore, it is essen
to continue the researches on micro coolers and espec
on micro DIOPTR. The authors think the technology p
sented in this paper, combining the fabrication proce
of microelectronics and the design of a thermodyna
machine is of great interest and allows to expect many
provements in the near future. In particular, this technol
could also be applied to the design of the compressor
moreover the electronic component to be cold could be
tegrated in the silicon matrix, thus both the electronic a
the cooling functions could be grouped in a single “elec
cooled-component”.
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Appendix A

The non-dimensional variables definitions are:

χ = x/lre, τ = t/Rc

θζ = �Tς (χ, τ )− Ta

T − T
(ζ = g, s,w) (A.1)
ςe0 a
-

The characteristic time for the material heating with a giv
mass flow rate of fluid is defined by:

Rc = lre

�U
ρscs(1− ε)+ ρwcwSw/Sint

ρgcg
(A.2)

The following practical parameters are also introduced:

B = Rc

hσp

(1− ε)ρscs
, B0 = hσp

ρgcg

lre

�U
B1 = lre

�U
εσ1h

′

ρgcg
, B2 = σ2h

′

ρwcw
Rc (A.3)

Be = σehe

ρwcw
Rc

System of equations to be solved from (13)–(15):

Lε

URc

∂θg

∂τ
+ ∂θg

∂χ
+B0(θg − θs)+B1(θg − θw) = 0

∂θs

∂τ
−B(θg − θs) = 0

∂θw

∂τ
+Beθw −B2(θg − θw) = a∗

wRc

l2re

∂2θw

∂χ2

(A.4)

The boundary (spatial and temporal) conditions are:

χ = 0, θg = Fg(τ),
∂θs

∂χ

∣∣∣
0
= ∂θw

∂χ

∣∣∣
0
= 0

χ = 1,
∂θs

∂χ

∣∣∣
1
= ∂θw

∂χ

∣∣∣
1
= 0

τ = 0, θg(χ) = θs(χ) = θw(χ) = 0

(A.5)

Tacking the Laplace transform of the systems (A.4)
(A.5) (variable: time):

L
[
θ(χ, τ )

] = θ̂ (χ,p)

lreε

�URc

pθ̂g + ∂θ̂g

∂χ
+B0

(
θ̂g − θ̂s

) +B1
(
θ̂g − θ̂w

) = 0

pθ̂s −B
(
θ̂g − θ̂s

) = 0

pθ̂w +Beθ̂w −B2
(
θ̂g − θ̂w

) = a∗
wRc

l2re

∂2θ̂w

∂χ2

(A.6)

χ = 0, θ̂g(0,p) = F̂ (p),
∂θ̂s

∂χ

∣∣∣
0
= ∂θ̂w

∂χ

∣∣∣
0
= 0 (A.7)

F̂ (p) = 1 impulse function,̂F(p) = 1/p step function

χ = 1,
∂θ̂s

∂χ

∣∣∣
1
= ∂θ̂w

∂χ

∣∣∣
1
= 0

for the variables of (A.6), one obtains:

θ̂s = B

p +B
θ̂g

θ̂g = −a∗
wRc

B2l2re

∂2θ̂w

∂χ2
+ (p +Be +B2)

B2
θ̂w

(A.8)

and substituting this relation in the first equation of (A.
one finds a third order differential equation representing
Laplace transform of the wall temperature:
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ted:

ots
by

ex-

er-

ient

hed
−a∗
wRc

B2l2re

∂3θ̂w

∂χ3
− a∗

wRc

B2l2re

(
lreε

Rc
�U p +B1 + B0p

p +B

)
∂2θ̂w

∂χ2

+ (p +Be +B2)

B2

∂θ̂w

∂χ

+
((

lreε

Rc
�U p +B1 + B0p

p +B

)
× (p +Be +B2)

B2
−B1

)
θ̂w = 0 (A.9)

To simplify the previous form, new parameters are adop

a = −a∗
wRc

B2l2re
(A.10)

b(p) = −a∗
wRc

B2l2re

(
lreε

Rc
�U p +B1 + B0p

p +B

)
(A.11)

c(p) = (p +Be +B2)

B2
(A.12)

d(p) =
((

lreε

Rc
�U p +B1 + B0p

p +B

)
× (p +Be +B2)

B2
−B1

)
(A.13)

k(p) = B

B + p
(A.14)

Thus the third order equation (A.9) becomes:

a(p)
∂3θ̂w

∂χ3
+ b(p)

∂2θ̂w

∂χ2
+ c(p)

∂θ̂w

∂χ
+ d(p)θ̂w = 0 (A.15)

and the other Eqs. (A.8) lead to:

θ̂g = a(p)
∂2θ̂w

∂χ2 + c(p)θ̂w = 0 (A.16)

θ̂s = k(p)θ̂g = 0 (A.17)

The solutions of (A.15) is obtained by evaluating the ro
r1, r2, r3 of the characteristic equation; this is achieved
a calculus procedure implemented in the softwareMATHE-
MATICA:

θ̂w = C1e
r1χ +C2e

r2χ +C3e
r3χ

θ̂g = (
ar2

1 + c
)
C1e

r1χ + (
ar2

2 + c
)
C2e

r2χ

+ (
ar2

3 + c
)
C3e

r3χ

θ̂s = (
ar2

1 + c
)
C1ke

r1χ + (
ar2

2 + c
)
C2ke

r2χ

+ (
ar2

3 + c
)
C3ke

r3χ

(A.18)

With the boundaries conditions, the constants can be
tracted:

C1 = r2r3
(
er2 − er3

)
F̂g(p)

× [
r2r3

(
ar2

1 + c
)(
er2 − er3

)
− r1r3

(
ar2

2 + c
)(
er1 − er3

)
− r1r2

(
ar2

3 + c
)(
er2 − er1

)]−1 (A.19)
C2 = − r1

r2
C1

er1 − er3

er2 − er3
(A.20)

C3 = − r1

r3
C1

er2 − er1

er2 − er3
(A.21)

Appendix B

The Stehfest algorithm for the Laplace transform inv
sion is:

θ(τm) = ln 2

τm

10∑
i=1

v(i, n).θ̄

(
i ln2

τm

)
(B.1)

where Stehfest’s vector is given by:

v(i, npair) = (−1)npair/2+i

Min[i,npair/2]∑
Ent[i+1/2]

knpair/2

× (2k)!
(npair/2− k)!k!(k − 1)!(i − k)!(2k − i)!

(B.2)

npair is an even number equal to 10 for reaching a conven
precision.

Appendix C

For an embedded fin of temperaturesTph and Tpb,
respectively, for the bottom and top extremities and bat
by a fluid of constant temperatureTg , the temperature
evolution along the fin is given by (see Fig. 12):

T (z)− Tg = (Tph − Tg)
e−mz − emz

e−mwf − emwf

+ (Tpb − Tg)
e−m(wf −z) − em(wf −z)

e−mwf − emwf
(C.1)

with

m2 = hip

kaS
, S = ef l0, p = 2(ef + l0) (C.2)

Several geometrical parameters are also used:

A = Nef l0 area with fins

B = (1+N)(λ− ef )l0 area without fins

Σa = wf (ef + l0) 1/2 external area of one fin

Σ = Nwf (ef + l0) 1/2 external area of fins

The efficiency of a fin is:

ηa = −kaS(∂T /∂z|z=0 − ∂T /∂z|x=wf )

hiΣa(T |z=0 + T |z=wl − 2Tg)

= p

mΣa

2− (emwl + e−mwl )

e−mwl − emwl
(C.3)

The thermal flux exchanged with the fluid is:

Q̇ = hi(B + ηaΣ)(Tph + Tpb − 2Tg) (C.4)
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and the heat flow between two plates is:

Q̇∗ = hi(A+B)(Tph + Tpb − 2Tg) (C.5)

The weight factor of the finned structure is defined by:

ηs = Q̇

Q̇∗ = B

A+B
+ ηa

Σ

A+B
(C.6)
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